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Preface

Neighborhood models generalize the well-known relational models, or Kripke
models, for modal logic. Although the idea underlying neighborhood models is
implicit in the seminal work of McKinsey and Tarksi (1944), they were first for-
mally defined by Dana Scott (1970) and Richard Montague (1970). The original
motivation for generalizing relational models was to provide semantics for the
so-called classical systems of modal logic:

The qualification “classical” has not yet been given an established meaning in connection
with modal logic....Clearly one would like to reserve the label “classical” for a category of
modal logics which—if possible—is large enough to contain all or most of the systems
which for historical or theoretical reasons have come to be regarded as important, and
which also posses a high degree of naturalness and homogeneity.

(Segerberg 1971, pg. 1)

This quote is from Krister Segerberg’s dissertation, An Essay in Classical Modal
Logic (1971), that included early results about neighborhood models and the
classical systems of modal logic, also called non-normal modal logics, that corre-
spond to them. A few years later, Brian Chellas incorporated these and other salient
results in part III of his textbook Modal Logic: An Introduction (1980).
Nevertheless, in the apparent absence of applications, neighborhood models and
non-normal modal logics were studied mainly in view of their intrinsic mathe-
matical interest. A notable exception is David Lewis’s seminal book on conditional
logic (Lewis 1969). The so-called Lewis sphere models are one of the earliest and
most interesting applications of neighborhood models.

Interest in neighborhood models increased steadily over the past 30 years.
Neighborhood models form an interesting and rich class of mathematical structures
that can be fruitfully studied using modal logic. This is most evident in the
extensive literature on the topological interpretation of modal logic. In this book, I
highlight additional motivations for studying neighborhood models:
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viii Preface

e Neighborhood models naturally show up when studying game theory.

e Neighborhood models can be used to represent the evidence and beliefs of a
rational (and not so rational) agent.

e Neighborhood models offer an interesting new perspective on the Barcan and
Converse Barcan formulas in the first-order modal logic.

Finally, one can learn a great deal about normal systems of modal logic by looking
at how these systems behave in a more general semantics.

This book will quickly familiarize the reader with the general theory of neigh-
borhood semantics for modal logic. I explain how neighborhood models fit within
the large family of semantic frameworks for modal logic. In addition, I explain both
the pitfalls and potential uses of neighborhood models. This book is designed to be
a supplemental text for a course on modal logic, logic in Al or philosophical logic
(either at the advanced undergraduate or graduate level), or as a source for
researchers interested in using neighborhood structures in their work. One of the
constraints on writing a book for this series is that the length must be kept short.
This means that I had to make some hard choices about which topics to leave out.
Some topics are only briefly discussed, such as proof theory for non-normal modal
logics and the topological interpretation of modal logic. Other topics, such as
coalgebraic models for modal logic, are not discussed in any detail.

The book is divided into three chapters. Chapter 1 motivates our study by
discussing applications of non-normal modal logics and different interpretations of
neighborhood models. Chapter 2 is focused on the core logical theory. This
includes questions about axiomatizations, definability, decidability, and relation-
ships with other logical systems. Chapter 3 surveys different extensions to the basic
logical framework, including the first-order quantifiers, dynamic modalities, and
multi-agent modalities. Finally, there is a short Appendix providing some back-
ground on relational semantics for modal logic. Exercises are included throughout
the text. There is a website for this book:

http://pacuit.org/modal/neighborhoods.

The website includes an extended appendix, solutions to some of the exercises,
lecture slides and videos on topics discussed in this book, and links to relevant
readings and tutorials on modal logic.

This book grew out of notes on neighborhood semantics that I prepared for two
week-long ESSLLI (European Summer School for Logic, Language and
Information) courses on neighborhood semantics for modal logic: ESSLLI 2007 in
Dublin, Ireland, and ESSLLI 2014 in Tiibingen, Germany. I thank the students who
attended these courses. I am also grateful for the students that attended a short
course at the Institute for Logic, Language and Computation at the University of
Amsterdam in June 2016. I thank the following people whose comments and
discussion over the years have influenced various aspects of this book: Albert
Anglberger, Alexandru Baltag, Johan van Benthem, Nick Bezhanishvili, David
Fernandez-Duque, Huimin Dong, Mel Fitting, Nic Fillion, Valentin Goranko,
Davide Grossi, Helle Hvid Hansen, Wes Holliday, Hanna Karpenko, Marcel Kiel,


http://pacuit.org/modal/neighborhoods

Preface ix

Dominik Klein, Clemens Kupke, Fenrong Liu, Minghui Ma, Larry Moss, Rohit
Parikh, Olivier Roy, Katsuhiko Sano, Shawn Standefer, Sonja Smets, and Dag
Westerstahl. I am very grateful to an anonymous reviewer and to Johan van
Benthem who both provided very extensive and insightful comments on an early
draft of this book. Both sets of comments led to many significant improvements to
this text. Sadly, one person I would like to thank, Horacio Arl6-Costa, is no longer
with us. Horacio initiated my interest in neighborhood models for modal logic.
I miss our discussions about philosophical logic, formal epistemology, and decision
theory over bad coffee at the Graduate Center. Finally, I thank my family, especially
Lauren and Lily, for their love and support.

College Park, MD, USA Eric Pacuit
January 2017
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Chapter 1
Introduction and Motivation

Generally speaking, there are two different ways to motivate the study of a logical
framework. The first is to identify an interesting class of mathematical structures and
to argue that some particular logical system is the best one with which to reason about
these structures (or to describe interesting aspects of these structures). The second is
to motivate interest in certain “patterns of reasoning” and to argue that some logical
system naturally represents these patterns. This chapter introduces neighborhood
semantics and weak systems of modal logic with both motivations in mind.

Before turning to questions of motivation, I introduce the basic concepts and def-
initions used throughout this book. Section 1.1 introduces subset spaces. The core
focus of this book is on the basic modal language (Sect. 1.2), interpreted on neigh-
borhood models (Sect. 1.2.1). Section 1.2.3 digresses briefly to introduce a bi-modal
logic for reasoning about subset spaces.! The final two sections are devoted to moti-
vating our study. I start in Sect. 1.3 by briefly discussing a number of weak systems of
modal logic. Each of these logical systems is an example of a so-called non-normal
modal logic (see Sect. 2.3 for a definition of “non-normal modal logic”’). However, I
want to stress that the main focus of this book is not non-normal modal logics per se,
but, rather, neighborhood semantics for modal logic. While the neighborhood models
defined in Sect. 1.2.1 do provide a semantics for the modal languages discussed in
Sect. 1.3, they are not the best choice of semantics for many interpretations of the
modal operator. Nonetheless, I argue in Sect. 1.4 that neighborhood models are an
interesting class of mathematical structures that can be fruitfully studied using modal
logic.?

1.1 Subset Spaces

Sets paired with a distinguished collection of subsets are ubiquitous in many areas
of mathematics. They show up as topologies, ultrafilters, or hypergraphs (also called
simple games), to name three of the most usual suspects. For any non-empty set

IThis section can be skipped on a first reading.

2Although this text is self-contained, readers that have not studied relational semantics for modal
logic should consult Appendix A for a brief introduction.
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2 1 Introduction and Motivation

W, let o (W) be the power set of W—i.e., the collection of all subsets of W. A
tuple (W,U) where W # @ and U C o (W) is called a subset space. Typically,
the collection U C g (W) satisfies certain algebraic properties. I list some salient
properties below:

1. U is closed under intersections provided that for any collection of sets {X;};c;
such that for each i € I, X; € U, we have N;¢; X; € U. If |I| = 2, then U
is said to be closed under binary intersections. If / is finite, then I/ is said to
be closed under finite intersections. More generally, for any cardinal «, U is
said to be closed under «-intersections (closed under less than or equal to
k intersections) provided that for each collection of sets {X;};c; from U with
Il =k (|I| <«),wehave N;je; X; € U.

2. U is closed under unions provided that for any collection of sets {X;};c; such
that for each i € I, X; € U, we have that U;; X; € 4. The same comments as
above about binary and finite collections apply here, as well: In particular, for any
cardinal «, U is said to be closed under less than or equal to «-unions provided
that for each collection of sets {X;};c; from U with |I| <k, U;c; X; € U.

3. U is closed under complements provided that for each X € W, if X € U, then
X¢ e U, where X¢ = {w | w e W, w ¢ X} is the complement of X.

4. U is closed under supersets provided that for each X € W, if X € U and
X CY C W,thenY € U. In this case, U is also said to be monotonic or
supplemented.

5. U is a clutter if @ ¢ U and there are no X, Y € U such that X C Y (I write
X C Y when X is a strict subset of Y).

6. U contains the unit if W € U{; and U/ contains the empty set if J € U{.

7. The set (U is called the core of U; when (YU € U, U is said to contain its
core.

8. U is proper if X € I/ implies X© ¢ U.

9. U is consistent if @ ¢ U/; and U is non-trivial if U # 0.

The remainder of this section contains a number of simple observations about subset
spaces that will be used throughout the text. I start with a discussion of monotonic
subset spaces since they play an important role in this book.

Lemma 1.1 U is closed under supersets iff X N'Y € U implies that X € U and
Y el

Proof The left to right direction is trivial, as X NY € X and X N Y C Y. For the
right to left direction, suppose that for any X, Y € W,if XNY € U, then X € U
andY eUd.Let Z € Z' C Wand Z € U. We must show Z' € U. Since Z C Z’,
ZNZ = Z,andsowehave ZNZ = Z € U Hence, Z € U and Z' € U,
as desired. O

Definition 1.1 (Non-monotonic Core) Suppose that U/ is a monotonic collection of
subsets of W. The non-monotonic core, denoted /"¢, is a subset of I/ defined as
follows:
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U ={X|X elandforall X' C W,if X' C X, then X' ¢ U}.

The non-monotonic core of I/ is the set of minimal elements of I/ under the subset
relation. It is not hard to see that if ¢/ is a monotonic collection of finite sets, then
U" #£ (). However, in general, it is not true that every monotonic collection of sets
has a non-monotonic core, as the following example illustrates.

Example 1.2 Suppose that W = (—1,1) = {x |x € Rand — 1 < x < 1} and
U={X S (-1, 1)| (-1, 1) € X for some natural number n > 1}.Itis not hard to
show that ¢/ is monotonic (if X € U, then there is a natural number n > 1 such that

—%, %) C X; hence, if X C X/, then (—%, %) C X/, and so X' € U). However, the
non-monotonic core of I/ is empty—i.e., "¢ = J: Suppose that X € U. I will show
that there must be a set X’ € X such that X’ € U/. Since X € U, there is a natural
number 7 such that (=1, 1) € X. Let X' = (—#, ﬁ).Then, XcE-ihckx
and X' € U. Thus, X ¢ U"°. Since X is an arbitrary element of U/, it must be the
case that "¢ = (/.

Suppose that I/ is a monotonic collection of finite sets. Then, /"¢ # (J; and, in
fact, U completely determines the elements of I/.

Definition 1.3 (Core Complete) A monotonic collection of sets I/ is core-complete
provided that for all X € U, there exists a Y € U"“ such that Y C X.

If U is core-complete, then every element of U/ contains some element of the
non-monotonic core (so, in particular, if i # @, then U™ # (). Thus, "¢ represents
U without any redundancies. Furthermore, note that if ¢/ is monotonic and only
contains finitely many sets, then it is core-complete.

Returning to the more general setting (in which the collections of sets need not
necessarily be monotonic), the following definition lists some well-known subset
spaces that will be discussed in this book.

Definition 1.4 Let W be a non-empty set and U/ C g (W). Then:

1. U is afilter if I/ contains the unit, and is closed under binary intersections and
closed under supersets. U is a proper filter if, in addition, ¢/ does not contain the
emptyset.

2. U is an ultrafilter if I/ is a proper filter and for each X € W, either X € U or
X€ el.

3. U is a topology if U contains the unit, the emptyset, and is closed under finite
intersections and arbitrary unions.

4. U is augmented if U/ contains its core and is closed under supersets.

Now, I consider augmented collections in a bit more detail.

Exercise 1.1 Prove the following:

If U is augmented, then I/ is closed under arbitrary intersections. In fact, if U is
augmented, then I/ is a filter.
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Of course, the converse of the last statement in the above exercise is false. But that
is not very interesting since it is easy to construct collections of sets closed under
intersections but not closed under supersets. A much more interesting fact is that
there are consistent filters that are not augmented.

Fact 1.5 There are consistent filters that are not augmented.

Proof The collection of sets from Example 1.2 is an example of a consistent filter
that is not augmented: Recall that W = (—1,1) ={x |x e Rand — 1 <x < 1},
andU = {X C (—1,1) | (—%, %) C X for some natural number n > 1}. Clearly,
# ¢ U (and U is non-empty), so U is consistent. We have seen that I/ is closed
under supersets. Finally, U/ is easily seen to be closed under finite intersections: let
X1,X, € U. Then, there is an n > 1 and m > 1 such that (—%, %) C X; and
(—%, %) C X,. Eithern < m orm > n.If n = m, we are done since in this case,
(-1, Ly =(-1 1yc x;nX,andso X;NX, € U. Thisleaves the cases n > m and
m > n. Suppose thatn > m. Then (—%, %) C (—%, %).Hence, (—%, %) cCXiNX,
and so X| N X, € U. The case in which m > n is similar. So I/ is a consistent filter.

Now, NU = @ and, as noted above, ¥ ¢ U; therefore, U is not augmented.
To see that NU = ¢, note that for each x € (—1, 1), there is a large enough n
such that x ¢ (—%, %) (this is a standard fact about real numbers). This shows that
ﬂ,lzl(—%, %) = (). Thus, since "\U C ﬁnzl(—%, %), we have NU = (. O

Note that it is crucial that W is infinite in the above example. In fact, as is well known,
the situation is much better when W is finite. This is demonstrated by the following
Lemma and Corollary (the proofs are left to the reader).

Exercise 1.2 Prove the following Lemma and Corollary:

Lemma 1.2 If U is closed under binary intersections (i.e., if X, Y € U, then XNY €
U), then U is closed under finite intersections.

Corollary 1.1 If W is finite and U is a filter over W, then U is augmented.

I conclude this section with some additional notation. Suppose that W is a non-
empty set and U C g (W) any collection of sets.

e Let U™" be the smallest collection of subsets of W that contains ¢/ and is closed
under supersets.

e Let (/"8 be the smallest augmented collection of sets containing /. That is,
U™ = U u{nupmrer.

1.2 Language and Semantics

Definition 1.6 (The Basic Modal Language) Suppose that At = {p,q,r,...} is a
(finite or countable) set of sentence letters, or atomic propositions. The set of well-
formed formulas generated from At, denoted L(At), is the smallest set of formulas
generated by the following grammar:
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pl=el(@Ay) el O
where p € At.

Additional propositional connectives (e.g., V, —, <>) are defined as usual. It will be
convenient to introduce special formulas ‘T’ and ‘L’, meaning ‘true’ and ‘false’,
respectively. Typically, L is defined to be p A —=p (where p € At) and T is —=L1.3
Examples of modal formulas include*: OL, OOT, p —> UlgAr),and J(p —
(g Vv Or)). To simplify the notation, I write £ for £(At) when the set of atomic
propositions At is understood.

Remark 1.7 (Modal Operators) According to Definition 1.6, £ contains two unary
modal operators. In this text, I will discuss languages that contain more than two
unary modalities and languages that contain modalities of other arities (e.g., the
binary modality in Sect. 1.4.3). Furthermore, it is often convenient to define Q¢ as
—[J—=¢ (cf. Lemma 2.4).

One language, many readings. There are many possible readings for the modal
operators ‘[J’ and ‘{’. Here are some samples:

e Alethic Reading: (g means ‘g is necessary’ and Q¢ means ‘g is possible’.

e Deontic Reading: [y means ‘¢ is obligatory’ and (¢ means ‘¢ is permitted’. In
this literature, ‘O’ typically is used instead of ‘]’ and ‘P’ instead of ‘{’.

¢ Epistemic Reading: (g means ‘g is known’ and {¢ means ‘g is consistent with
the knower’s current information’. In this literature, ‘K’ typically is used instead
of ‘07" and ‘L’ instead of ‘{)’.

e Temporal Reading: (Jp means ‘g will always be true’ and (¢ means ‘¢ will be
true at some point in the future’. In this literature, ‘G’ typically is used instead of
‘0 and ‘F’ instead of ‘{’.

I conclude this brief introduction to the basic modal language with the standard
definition of a substitution between formulas.

Definition 1.8 (Substitution) A substitution o is a function from atomic proposi-
tions to well-formed formulas: o : At — L(At). A substitution o is extended to a
function on all formulas, denoted & : L(At) — L(At), by recursion on the structure
of the formulas:

a(p)=a(p)
o(pAY)=0(p) Ao (V)
o (Ug) = Lo (p)

o (Op) = 0o (9)

For simplicity, I will often identify o and o and write ¢ for o (¢).

bl

31f the set of atomic propositions is empty, then add L and T to the language.
“To simplify the presentation, I will typically drop the outermost parentheses.
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For example, if o (p) = UO(p A q) and o (q) = p A Ug, then
EpAg)— Up)? =01E0(p Aq) A (p ATg)) — DOEO(p A q)).

Exercise 1.3 1. Suppose that o(p) = Ug and o(q) = (p — Ug).
Find (O(p — q) — dp — Og))°.

2. Show that ¢° = ¢ iff o (p) = p for all atomic propositions p occurring in ¢.

3. Suppose that ((¢)?)? = ¢, but () # ¢. Show that ¢ € At.

1.2.1 Neighborhood Frames and Models

The definition of a neighborhood model is very simple: Each state from W is asso-
ciated with a subset space over W.

Definition 1.9 (Neighborhood Frame) Let W be a non-empty set. A function N :
W — o (p (W)) is called a neighborhood function. A pair (W, N) is a called a
neighborhood frame if W is a non-empty set and N is a neighborhood function.

Remark 1.10 (Neighborhood Relation) It is sometimes convenient to treat a neigh-
borhood function N : W — g (e (W)) as a relation. More precisely, every neigh-
borhood function N corresponds to a relation Ry € W x g (W) such that for any
weW,Xep(W),wRyXift X € N(w).

A neighborhood frame (W, N) is said to be a filter provided that foreach w € W,
N (w) is afilter. It is similar for the other properties discussed in Sect. 1.1. Admittedly,
this is an abuse of notation since a filter is a property of collections of sets rather than
of a neighborhood function. However, I trust that this will not cause any confusion.

Definition 1.11 (Neighborhood Model) Suppose that 7 = (W, N) is a neighbor-
hood frame. A model based on F is a tuple (W, N, V), where V : At » p (W) is a
valuation function (assigning a set of states to each atomic proposition).

Definition 1.12 (Truth) Suppose that M = (W, N, V) is a neighborhood model
and that w € W. Truth of formulas ¢ € L(At) at w is defined by recursion on the
structure of ¢:

M, w = piffw e V(p) (p € Ab).

M, w = - iff M, w [~ ¢.

MwE @AY IfM,wEgpand M, w = .

M, w = Qg iff [ollpm € N(w).

M, w = Qe iff W — llpllm ¢ N(w).

where [¢]laq is the truth set of ¢. That is, [¢llv = {w | M, w E ¢}. A set of
formulas I' C L is satisfiable if there is some model M = (W, N, V) and world

w € W such that M, w = ¢ forall ¢ € I'. A formula ¢ € L is satisfiable when {¢}
is satisfiable.

Nk W=
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Definition 1.13 (Validity) Suppose that M = (W, N, V) is a neighborhood model.
A formula ¢ € L is valid on M, denoted M |= ¢, when M, w = ¢ forallw € W.
Suppose that 7 = (W, N) is a neighborhood frame. For each w € W, a formula ¢
is valid at w in F, denoted F, w = ¢, provided that M, w = ¢ for all models M
based on F (i.e., M = (F, V)). A formula ¢ € L is valid on F, denoted F = ¢,
provided that 7, w = ¢ for all w € W. Suppose that C is a class of frames. A
formula ¢ € L is valid on C, denoted =¢ ¢, provided that F = ¢ for all € C.

The definition of truth for the modal operators (items 4 and 5in Definition 1.12)
was chosen to ensure that (] and ¢ are duals (cf. Lemma 2.4). The basic idea is
that the neighborhood function N lists, for each state, the propositions considered
“necessary.” Then, Oy is true at a state when the truth set of ¢ is a member of that
list at the state. Furthermore, ¢ is “possible” if the proposition expressed by —¢ is
not a member of the list at the state. Other options for the definition of truth of the
modal operators have been considered in the literature. I will consider some of these
below. Let us start by getting a feel for the above definition of truth.

We first need some notation. Each neighborhood function N : W — g (9 (W))
is associated with a function my : p (W) — g (W) as follows:

for X C W, my(X) ={w| X € N(w)}.

Intuitively, m v (X) is the set of states in which X is necessary. Let M = (W, N, V)
be a neighborhood model. Then,

[plam = V(p)for p € At.
[—¢lm =W — l[elm.
(e A YY) = Lol NI Iam.
[Helam = myIeliam)-
[Opllm =W —my(W — [9llm)-

It is an easy application of the definition of truth to verify the above equations. I
leave this proof as an exercise for the reader. The following example illustrates the
definitions of models and truth of modal formulas:

Example 1.14 (Detailed Example of a Neighborhood Model) Suppose that W =
{w, s, v}, and define a neighborhood function N : W — g (¢ (W)) as follows:

e N(w) = {{s}, {v}, {w, v}}.
e N(s) = {{w, v}, {w, s}, {w}}.
e N(v) = {{w}, {s, v}, 4}.

Define a valuation function V : {p,q} — o (W) by V(p) = {w, s} and V(g) =
{s, v}. Then, M = (W, N, V) is a neighborhood model. This model can be depicted
as follows:
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s} o} w0} {w,s}  {w} {s,o} 0

We can now calculate the truth (using Definition 1.12) for various modal formulas.

Since [pllpm = V(p) = {w, s} € N(s), we have M, s = UOp.

Since [—pllm = {v} ¢ N(s), we have M, s &= Op.

Since [Opllam = {5, v} € N(v), we have M, v = OO p.

Since [Cplam = {s} € N(w), we have M, w = 0O0p.

Since [DOplam = {w} € N(s) N N(v), we have M, s =0O00p and M, v =

O00p.

6. Since [OOplIam = {w, v} € N(w) N N(s), we have M, w = OO0 p and
M, s =0000p.

7. Finally, since [ L]y =¥ € N(v), we have M, v =01,

R S

Note that M, w = 0O(p A q), but M, w = Op. This is the first difference between
neighborhood models and relational models: If we fix the valuations of p and ¢
as in the above example, it is not possible to define a relational structure such that
O(p A g) is true at w but Op is false at w. Let us see why. (Consult Appendix A
for an introduction to relational semantics for modal logic.) Assuming that [p is
false at w forces w to have an accessible world in which p is false. But, according
to the above valuation, there is only one such world in which p is false—namely, v.
However, if v is accessible from w, then LJ(p A ¢g) will no longer be true at w (since,
if p is false at v, then so is p A gq).

Exercise 1.4 1. Consider the neighborhood model M = (W, N, V) where W =
{w, v, x}; N(w) = {{w, v}, {v, x}}, N(v) = ¥,and N (x) = {{w, v}, {v, x}, {v}};
and V(p) = {w, v}and V (q) = {v, x}. Find the truth sets of the following modal
formulas: Cp, Og, O(p A q), Op A Og, and Op.

2. For each of the following formulas, find a neighborhood models that falsifies the
formula (i.e., find a model that contains a state in which the formula is false):
Op — Op, Op — O(pV¢q),and 0T

3. Provethat (¢ AYr) — O is valid on a neighborhood frame iff ¢ — (V)
is valid on the frame.

Exercise 1.5 Suppose that M = (W, N, V) and M’ = (W, N, V') are two neigh-
borhood models based on the same neighborhood frame (W, N). Suppose that
P1, P2, - - -, Dx are the atomic propositions in ¢ and ¥y, . . . , Yy are formulas such that
foralli = 1,...,k, V(p;) = [¥illar. If o is a substitution such that o (p;) = ¥;,
then [ I am = (Y7 Nan



1.2 Language and Semantics 9

1.2.2 Additional Modal Operators

Alternative definitions of truth for the basic modal operators can be found in the
literature. In particular, David Lewis (1973) introduced a variety of modal operators
interpreted on neighborhood models (including the ones defined below) in his seminal
book Counterfactuals (see Sect.1.4.3 for a discussion). In order to compare these
different definitions, I extend the basic modal language with the following modalities:
[),(],(),and[]. Let M = (W, N, V) be a neighborhood structure. Truth at a state
w € W for these modalities is given below.

e M, w = (]giff there is an X € N(w) such that forall v € X, M, v = ¢.
e M, w = [ )giff forall X € N(w), there is a v € X such that M, v = ¢.
e M, w = ( )y iff there is an X € N(w) such that thereisa v € X,

such that M, v = ¢.
e M,wk[]piffforall X € N(w), forallve X, M, v = ¢.

The first observation is that there really are only two modalities.

Observation 1.15 The following formulas are valid on all neighborhood models.

o (lp < —[)—e.
o [lp < —()—o.

Exercise 1.6 Prove the above observation.

The modalities ( ] and [ ) will play an important role throughout this book. Let
LMo (At) be the modal language generated by the following grammar:

pl=ol@Ary) | {le|[)e

where p € At.
Lemma 1.3 Let M = (W, N, V) be aneighborhood model. Then, for eachw € W,

1. if M, w = Og then M, w = (o, and
2. ifM,w E[)pthen M, w = Q.

Proof Let M = (W, N, V) be a neighborhood model and w € W. Suppose that
M, w = Og. Then [¢p]lar € N(w). Then, clearly, there is an X € N (w) such that
foreachv € X, M, v = ¢ (let X = [[¢]lam). The proof of the second statement is
analogous, and so will be left to the reader. |

The converses of both statements in the above Lemma are false. For instance,
note that in Example 1.14, M, w k= ( ]p (this follows since {s} € N(w) and
{s} € [pllm = {w,s}). Thus, { J¢ — Ue is not valid on neighborhood models.
This shows that the two definitions for a modal operator are not, in general, equivalent.
However, they are equivalent when restricting attention to monotonic neighborhood
frames (you are asked to prove this in Exercise 1.7). As we will see in Chap. 2, there
are theoretical reasons to prefer working in languages with ( ]-modalities (cf. Areces
and Figueira, 2009).


http://dx.doi.org/10.1007/978-3-319-67149-9_2

10 1 Introduction and Motivation

Exercise 1.7 1. Prove thatif ¢ — i is valid, then sois ( Jo — ( ]i.

2. Suppose that F = (W, N) is a neighborhood frame. Prove that Clp < ( g is
valid on F iff F is monotonic.

3. Are there analogous results for the ( ) modality?

1.2.3 Reasoning About Subset Spaces

Larry Moss and Rohit Parikh devised a simple modal language with two modalities
(K and ) for reasoning about subset spaces (Moss and Parikh, 1992). Moss and
Parikh had an epistemic interpretation in mind. The idea is that, given a subset space
(W, O), the set O represents the set of all observations about the states W available
to an agent. Formulas of their language are interpreted at pairs (w, U), where w is
a state and U is set with w € U representing the agent’s current observation. Thus,
it is assumed that all observations are reliable, in the sense that the actual world is
always an element of the agent’s current observation. The intended interpretation
of K¢ is that “p is known, given the agent’s current observation”, and the intended
interpretation of Qg is that “after some effort (such as an additional measurement),
@ becomes true”. For example, the formula

¢ — OKo

means that if ¢ is true, then after some “effort”, K¢ is true. In other words, the
formula says that if ¢ is true, then ¢ can be known with some effort. What exactly is
meant by “effort” depends on the application. I will now give the formal definitions
of the syntax and semantics from (Moss and Parikh, 1992).

Definition 1.16 (Subset Space Modal Language) Suppose that At is a finite or count-
able set of atomic propositions. Let £X ¢ (At) be the smallest set of formulas generated
by the following grammar:

pl=el @A) | Kol Op

where p € At. The other Boolean connectives are defined as usual. In addition, the
duals of the modal operators are defined as follows: L¢ is =K —¢ and Og is =O—g.

Definition 1.17 (Subset Space Model) A subset space model is a tuple (W, O, V),
where W is a non-empty set, O C p (W) and V : At — (W) is a valuation
function. Let W x O = {(w,U) |w € W, U € O, andw € U}, elements of which
are called neighborhood situations.

Definition 1.18 (Truth in a Subset Space Model) Let M = (W, O, V) be a subset
space model and (w, U) € W x O a neighborhood situation. Truth of formulas
@ € LXO(AL) at (w, U) is defined by induction on the structure of ¢.

1. M,w,U E piffw e V(p) where p € At.
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M, w,U & —giff M, w, U I ¢.
M,w,UEpAyiff M,w,U E¢and M, w,U = .

M,w,U E Kgiffforallve U, M,v,U = ¢.

M, w,U = Op iff there is a (w,V) € Wx O such that V € U and
M, w,V Eo.

The usual logical notions of validity and satisfiability are defined in the standard way.

kW

Note that the interpretation of the atomic formulas at a neighborhood situation
(w, U) does not depend on the second component U. This means that, in any subset
space model, if ¢ does not contain any modalities, then ¢ <> U is valid. Thus, effort
will not change the ground facts about the world—it can only change knowledge of
these facts. I conclude by highlighting some of the properties of subset spaces that
can be expressed in the above bi-modal language.

Observation 1.19 The axiom scheme KUg — K ¢ is valid on any subset space
model.

Proof Suppose that M = (W, O, V) is a subset space model and (w, U) is a neigh-
borhood situation with M, w, U = Kg. Then, for all v € U, M, v, U = Q.
This means that forallv € U andall V € O,ifv € V C U, then M, v, V = ¢. Let
(w, U") € W x O be any neighborhood situation in which U’ € U. We must show
that M, w, U’ = K¢. Let y € U’ be any state in U’. Since y € U’ C U, by the
assumption, M, y, U |= Og. This means that, since y € U' C U, M, y, U’ = ¢.
Hence, M, w, U’ = K¢, and M, w, U = OKg. Thus, KOy — OK @ is valid. O

It is not difficult to see that the K modality validates the so-called S5 axioms
Kp—>v)— (Kp—> KV¥),Kg —> ¢, Kp > KK¢ and ~K¢p - K—K¢; and
that the [J modality validates the so-called S4 axioms (¢ — ) — (Up — Ovyr),
Og — ¢, and Qg — OO (cf. Sect. A.2). Moss and Parikh (1992) proved that these
axioms, together with the axiom scheme from Observation 1.19 (KOp — OKg)
and rules of necessitation for each modality, completely axiomatize the class of all
subset space models. Additional properties of subset spaces can be expressed in the
language.

Observation 1.20 The axiom scheme (O — QOg is valid on any subset space
that is closed under arbitrary intersections.

Proof Let M = (W, O, V) be a subset space in which O is closed under arbitrary
intersections. Suppose that M, w, U = OO¢. Then, for all w,V € W x O, if
V C U, then M, w, V &= Qp. We must show that M, w, U = O0g. Let U, =
{U|U € O and w € U} be the set of elements of O that contain w. Since O is closed
under arbitrary intersections, we have (| U, € O. Note that (") i, does not have any
proper subsets in O. Thus, since M, w, (U, = ¢ or M, w, (U, E —¢, we have
M, w, U, E Op v O=¢. By the assumption, since w € [ U,, € U, we have
M, w, Uy, = Op. Since M, w, Uy, = Op v O-¢ and M, w, Uy, E Op, it
must be the case that M, w, (| U,, = ¢ (this follows since (| U,, is a subset of itself).
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Thus, since there are no proper subsets of [ U,, in O, we have M, w, (U, = Oep.
This means that M, w, U = OO, as desired. Hence, (0@ — OOy is valid when
the collection of subsets are closed under arbitrary intersections. (]

Interestingly, it can be shown that an infinite number of axiom schemes are needed
for a complete axiomatization of subset spaces that are closed under arbitrary inter-
sections (Weiss and Parikh, 2002).

Exercise 1.8 1. Provethat (O ALOY) — O[O ALOY AKOQL(@ Vv )] is valid
on any subset space that is closed under binary unions.
2. Say that a subset space is directed provided that for all w € W and U,V € O
with w € UN YV, thereisa X € O such that w € X € U N V. Prove that
O0p — OOg is valid on all subset spaces that are directed.

A number of papers have focused on finding axiomatizations of different classes of
subsets spaces and increasing the expressive power of the subset space language £X©.
See Georgatos (1993) for a sound and complete axiomatization of subset spaces that
are topologies and Georgatos (1994) for a sound and complete axiomatization for
subsets spaces that are complete lattices. The basic subset logic framework introduced
in this section has been extended to include temporal operators (Heinemann, 1999,
2000) and hybrid modalities (Heinemann, 2004). In addition, there are subset space
logics with public announcement operators and many agents (Wang and Agotnes,
2013; van Ditmarsch et al., 2015; Bjorndahl, 2016). Consult Moss et al. (2007) for
further discussion of logics for reasoning about subset spaces.

1.3 Why Non-normal Modal Logic?

The following formulas and rules of inference are valid on all relational models (see
Appendix A for a discussion):

(Dual) Op < =0—¢ (RE) From ¢ <> v, infer Op < Oy
©) O AOY) > O@Ay) (RM) From ¢ — ¢, infer o — Ty
(K) O(¢p — ¢) — (Op — Oy) (Nec) From g, infer (g

For many interpretations, these formulas and rules are relatively uncontroversial.
However, in some interpretations of the basic modal language, the validity of one or
more of the above formulas and rules of inference can be questioned. Modal logics
that do not include one or more of the above formulas and/or rules are called non-
normal modal logics. (I will define normal and non-normal modal logics in Sect. 2.3.)
I want to stress that the examples discussed in this section are not intended to motivate
the use of neighborhood structures as a semantics for these weak systems of modal
logic. Indeed, the most convincing analyses of many of the examples discussed below
do not use neighborhood structures.
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Logical Omniscience

Epistemic logicians interpret (g as “the agent knows that ¢ is true” (see Fagin et al.
(1995) and Pacuit (2013a) for discussions and references to the relevant literature).
Under this interpretation, the above principles each express a significant assumption
about the reasoning abilities of the agent under consideration.

Closure under logical implication (RM): Suppose that ¢ — 1 is valid. Then, if the
agent knows that ¢, then the agent knows that . This means that the agent knows
all the logical consequences of her knowledge.

Closure under known implication (K): If the agent knows that ¢ implies v and the
agent knows that ¢, then the agent knows that v. Note the difference from the infer-
ence rule (RM). The axiom K means that the set of formulas that the agent knows
is deductively closed (i.e., if ¢ and ¢ — 1 is in the set of formulas known by
the agent, then so is i). This is weaker than what is imposed under the inference
rule (RM): If ¢ is a formula known by the agent and ¢ — 1 is valid (but not nec-
essarily in the set of formulas known by the agent), then ¥ is also known by the agent.

Closure under logical equivalence (RE): If ¢ and v are logically equivalent (so
express the same proposition®), then the agent knows that ¢ if, and only if, the agent
knows that 1. This means that the agent cannot distinguish between two different
formulas that are logically equivalent.

Knowledge of logical validities (Nec): If ¢ is valid, then the agent knows that ¢.
This means that the agent knows anything that can be deduced using the given modal
system. In particular, this means that the agent knows all propositional tautologies.

Closure under conjunction (C): If the agent knows that ¢ and the agent knows that
Y, then the agent knows that ¢ A 1. That is, the set of formulas that the agent knows
is closed under conjunction. This is also called agglomeration.

Each of the above principles identifies different ways in which the agents studied
by epistemic logicians are idealized reasoners. There are two main reasons why one
may want to drop one or more of the above assumptions about the agents’ reasoning
abilities. The first reason is that the agents under consideration may not, in fact, be
perfect reasoners. For instance, humans typically do not recognize all the logical
consequences of what they currently know.® How, exactly, to reason about agents
that are not perfect reasoners is known as the logical omniscience problem. This is a
difficult problem that is not easily solved by simply restricting what the agents know
at each possible world using neighborhood models (see, Halpern and Pucella 2011
for an overview of the different approaches to the logical omniscience problem).

SHere, I understand a proposition as a set of possible worlds. Alternatively (using standard termi-
nology from probability theory), I will say that ¢ and v express the same event.

SIndeed, Gilbert Harman famously argued that a rational thinker should not make all possible
deductions because they “clutter the mind” with useless facts (Harman, 1986).
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Even if it is assumed that the agents are perfect reasoners, epistemologists have
identified arguments that purport to show that knowledge may not satisfy all of the
above principles. See Holliday (2012, 2014) for an illuminating discussion of this
second reason to drop one or more of the above principles and an overview of the
various philosophical positions.

Logics of Knowledge and Belief

Logics of knowledge and belief include modalities for knowledge ([K]) and belief
([B]). The duals are denoted (K)p and (B)¢ and are defined as —[K]—¢ and
—[B]—¢, respectively. In an influential paper, Robert Stalnaker (2006) proposed
the following axioms for a logic of knowledge and belief. The first group of axioms
defines [K] as an S4-modality (cf. Sect. A.2):

K) [Kl(¢ = ¥) = ([Klg — [K]Y)
(M [Klp — ¢
4) [Klp — [K][K]p

(Nec) From ¢ infer[K]g

The second group of axioms characterize the relationship between knowledge and
beliefs:

(Pl) [Ble — [K][Ble
(NI) =[Ble — [K]-[Bly
(KB) [Klp — [Ble

(D) [Blp — (B)y
(SB) [Bly — [Bl[K]p

The axioms (PI) and (NI) ensure that the agent’s beliefs are perfectly introspective:
If the agent believes that ¢, then she knows that she believes that ¢, and if the agent
does not believe that ¢, then she knows that she does not believe that ¢. The (KB)
axiom is the natural idea that knowing something implies that it is believed. The (D)
axiom guarantees that the agent’s beliefs are consistent: If the agent believes that
@, then it is not the case that the agent believes that —¢. Finally, the (SB) axiom is
characteristic of the strong form of belief that Stalnaker has in mind: If the agent
believes that ¢, then she believes that she knows that ¢. Consult Stalnaker (2006)
for further motivation and discussion of these axioms. The important point here is
that it turns out that the belief operator is definable as possible knowledge. More
formally, the following formula is derivable (see Sect.2.3 for a formal definition of
derivations) in Stalnaker’s logic:

(DefkB)  [Blp < (K)[K]gp,

The derivation of this formula is left to the reader. It can also be shown that
Stalnaker’s belief operator defined using (DefKB) is a normal modal operator—i.e.,
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the belief operator validates all the axioms and rules mentioned in the introduction
to this section. Furthermore, notice that by substituting (K)[K ]¢ for [B]g in (D),
the following formula is derivable:

(2)  (K)[K]p — [KK(K)e.

Stalnaker’s proposal is that knowledge is axiomatized by the S4 axioms and rules
together with the (.2) axiom (this logic is called S4.2). The other axioms listed above
act as bridges principles relating knowledge and belief.’

Exercise 1.9 (This exercise requires knowledge of relational semantics, see Appen-
dix A.) Consider the modal formula (0CIp A OCg) — OO(p A q).

1. Find a relational model with a state in which the above formula is not true.
2. Find an S4-relational model (i.e., a relational model with a reflexive and transitive
relation) with a state in which the above formula is false.

This analysis suggests an interesting way to define non-normal modal operators. Fix
a (normal) modal logic L. with modalities [y, ..., [J,. Define a new modality as
a sequence of modalities (or their duals) from L. In many cases, this will result in
a non-normal modal operator. Indeed, there is a sense in which every non-normal
modal logic is generated this way (cf. Gasquet and Herzig (1996), Kracht and Wolter
(1999) and Sect.2.6.2).

Logics of High Probability

Suppose that the interpretation of [y is “p is assigned ‘high’ probability”, where
“high” probability means above a certain threshold r € [0, 1]. Under this interpreta-
tion, it is not hard to find a counterexample to the axiom scheme (C). Suppose that
p and g represent independent events (i.e., the probability of p A g is equal to the
probability of p times the probability of ¢), and suppose that the threshold is r = %
If both p and g are assigned probability %, then (Ip and (g are both true (i.e., the
probabilities of p and g are greater than the threshold). However, the probability of
pAqis3 x 2 =2 which is less than the threshold. Thus, O(p A ¢) is not true;
and, therefore, (Lp A Ug) — U(p A q) is not true under this interpretation. Note

that this argument does not work if we take the threshold to be 1.3
Deontic Logic

Standard deontic logic interprets L as “it ought to be the case that ¢”. The following
example shows that under this interpretation, the monotonicity rule (RM) should not
be valid. The example is known as the “Paradox of Gentle Murder” introduced by
J. Forrester (1984).° Consider the following three statements:

7Consult Baltag et al. (2015, 2013) for an interesting topological interpretation of this modal logic.
Another interesting line of inquiry is to study subsystems of Stalnaker’s logic (Klein et al., 2015).

8What happens if r < %?
9See, also, Goble (1991, 2004) for discussions.
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1. Jones murders Smith.
2. Jones ought not to murder Smith.
3. If Jones murders Smith, then Jones ought to murder Smith gently.

Intuitively, these sentences appear to be consistent. However, 1 and 3 together imply
that

4. Jones ought to murder Smith gently.

Also we accept the following conditional:
5. If Jones murders Smith gently, then Jones murders Smith.

Of course, this not a logical validity but, rather, a fact about the world we live in.
Now, if we assume that the monotonicity rule is valid, then statement 5 entails

6. If Jones ought to murder Smith gently, then Jones ought to murder Smith.
And so, statements 4 and 6 together imply
7. Jones ought to murder Smith.

But this contradicts statement 2. The above argument suggests that classical deontic
logic should not validate the monotonicity rule.

Logics of Ability

There is a long history developing modal logics to reason about individual abilities
(see Horty 2001; Porn 1977; Carr 1979; Governatori and Rotolo 2005, and references
therein). Without going into the intricacies of what it means for an individual to
exercise an “ability”, let Abl;p mean that “the agent i has the ability to do something
that makes ¢ true”.

If we want Abl; to be a modal operator interpreted on a relational structure, we
first have to decide whether it is a ‘box’ or a ‘diamond’ operator. The following
two examples demonstrate that neither interpretation is appropriate for the ability
operator Abl;. Consider axiom (C) (o ALlY) — O(pAy) andits dual O(p V) —
O Vv Q. Both are valid on all relational structures. The following examples show
that reasoning about abilities does not fit either of these patterns.

Example 1.21 (Counterexample for Abl;(¢ Vv ) — (Abl;p v Abl;yr)) Suppose
that Ann is drawing cards from a normal deck of 52 cards. Let R be the proposition
“Ann draws ared card” and B the proposition “Ann draws a black card”. Now, since
we are assuming that Ann has the ability to choose a card, Abl4 (R V B) is true: Ann
can pick a card that, as a matter of fact, is either red or black. That is, she has the
ability to take some action (pick a card) that makes R Vv B true. However, assuming
that Ann is a normal card player and is using a standard deck of cards, there is no
way that Ann can select a card that guarantees that the card will be red (black). So,
she has neither the ability to choose a red card (—Abl4 R) nor the ability to choose a
black card (—mAbl, B). Thus, Abl,(R Vv B) — (AblsR Vv Abl, B) is not true in this
situation.
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Example 1.22 (Counterexample for (Abl;p A Abliyr) — Abl; (¢ A )) Consider
the following game between Ann (A) and Bob (B)
51 A

T

53 B S4B

Here, Ann has the first move, while Bob has the next. The game model also indi-
cates which propositional variables (p and g) are true at the outcome nodes (labeled
01,07, 03 and 04).

We say that a player has the ability to force a set of outcome states X if that player
has a strategy that guarantees that the game will end in one of the states in X. For
example, in the above game, Ann has the ability to force the set X| = {0y, 0,}. This
follows because Ann has a strategy (move left) such that no matter what action Bob
chooses, the outcome of the game will be a state in X ;. Similarly, Ann can also force
the set X, = {03, 04}. However, Ann cannot force the set X3 = {0,, 03} since Bob
has the freedom to select either o; or 04 depending on Ann’s choice. Note that p is
true at states {01, 02, 03} and g is true at {0;, 03, 04}. Thus, Ann has the ability to
force p and the ability to force g (Ablsp A Abl,q), but she does not have the ability
to force both p and g (—Abls(p A q)).

Motivated by the game-theoretic example used in Example 1.22, we can see that
(Dual) expresses an non-trivial fact about games. Often, (¢ is simply assumed to be
defined as —[J—¢. The game-theoretical interpretation introduced in Example 1.22
suggests the following interpretation of Q¢: “Bob has a strategy to ensure that ¢ is
true”. A natural assumption about a game is consistency: it cannot be the case that
Ann can force ¢ to be true and Bob can force —¢ to be true. Thus, =(Cg A O—¢)
expresses that the game is consistent. Using propositional reasoning, this formula
is equivalent to [lp — —{—¢@. The converse expresses a stronger game-theoretic
assumption. Rewriting —=0—¢ — g as O—¢ Vv O, this formula says that “either
Bob has a strategy to force —¢ to be true or Ann has a strategy to force ¢ to be true.”
If we think of the formula ¢ as stating that Ann has won the game, then this formula
expresses that the game is defermined (either Ann or Bob has a winning strategy).
Thus, O¢ <> =0—¢ is true for all consistent, two-person determined games.

The Logic of Classical Deduction

Naumov (2006) introduced a modal logic of classical deduction. Suppose that At
is a set of atomic propositions and that Ly(At) € L(At) is the set of propositional
formulas generated from At. Let - denote the propositional consequence relation.
Fix a set of propositional formulas ¥ C L,(At). An interpretation is a function
()* : At —> p(X) assigning a set of formulas from X to each atomic proposition.
An interpretation is extended to all modal formulas in £(At) as follows:
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o (P AY) = ()" N(Y)*.
o (M) =X — (p)".
o (Lp) ={aeX|(p"oal.

So, U¢ denotes the set of propositional consequences (in the universe X) of the
interpretation of ¢. It is not hard to see that under this interpretation, the axiom (C)
is not valid. Suppose that X is the set of propositional formulas generated from the
set {p, q}. Fix an interpretation with (p)* = {p} and (¢)* = {g}. Then,

(pVvaq)e @pAlg)* ={a|{p}toatnfal{g}toal

However,

(pvg)¢Oprg) ={al(prg) Foa)={a|p"Ng"Foa}={a|dFoal.

Thus, under this interpretation, (Up Alg) — O(pAg)isnottrue (i.e., (OpAlg)* g
@(p A g))*). Consult Naumov (2006) for further discussion of this modal logic.

The Logic of Group Decision Making

The final interpretation that I discuss in this section comes from Social Choice Theory.
Suppose that & € Ly(At) is a propositional formula and [ is a set of voters. The
interpretation of U« explored below is “the group of voters I collectively accepta”. In
the remainder of this section, I restrict the modal language so that only propositional
formulas are within the scope of a modal operator. So, for instance, Lllp is not
a well-formed formula. Formally, the modal language of group decision making,
denoted £ (At), is the smallest set of formulas generated by the following grammar:

o | = | (9 A¥)

where a € Ly(At).

The basic idea is that each voter i € [ submits a propositional valuation
v; : Lo(At) — {0, 1}. The interpretation is that if v; (o) = 1, then the voter i judges
a to be true (alternatively, I will say “voter i accepts «”). Given a tuple of propo-
sitional valuations (one for each voter),!? formulas of the form T are interpreted
with respect to a group decision-making method. Different ways of aggregating the
voters’ opinions validate'! different modal principles. For example, as the reader is
invited to check, all the instances (in the language £) of the schemas mentioned in
the introduction to this section are valid if o means that there is consensus among
the voters in / that « is true. To illustrate, consider axiom (C): If everyone judges that
o is true (i.e., for all i, v; (@;) = 1) and everyone judges that «; is true (i.e., for all 7,
v; (ap) = 1), then everyone judges that oy A a5 is true (i.e., for all i, v; (o] Aap) = 1).
Thus, the axiom (C), Oa; Ao, — O(a; Aw), is valid. However, (C) is not valid if

10Such a tuple is called a profile in the social choice literature.

n this context, a formula ¢ € £” is valid with respect to a group-decision method provided that
@ is true given any profile of propositional valuations.
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the the group uses majority rule to make group decisions. The counterexample is the
so-called doctrinal paradox, which has been extensively discussed in the judgement
aggregation literature (List, 2013; Grossi and Pigozzi, 2014). Suppose that there are
three voters I = {i, j, k} that submit the following valuations:

P _gpPANg
i 1 1 1
Jj 1 0 0
k 0 1 0
Majority | 1 1 O

Then, a majority of the voters accept p and a majority of voters accept ¢, but only a
minority of voters accept p Aq. Thatis, (p AOg) — O(p Agq) is not true given the
above profile of propositional valuations. Thus, (Oo; A Oay) — O(a; A ap) is not
valid when the group uses majority rule to make decisions. Consult Pauly (2007) and
Daniéls (2011) for a complete discussion of this interesting interpretation of modal
logic.

Exercise 1.10 Find other examples in the literature (or come up with your own!)
that motivate interest in non-normal modal logics.

1.4 Why Neighborhood Structures?

In the previous section, I motivated interest in non-normal modal logics by pointing
out that there are natural interpretations of the basic modal language that invalidate
some theorems and valid rules of any normal modal logic. In this section, I focus
on neighborhood structures themselves. The goal is to demonstrate that neighbor-
hood models are an interesting and rich class of mathematical structures that can
be fruitfully studied using modal logic. I have already pointed out that many areas
of mathematics use sets paired with collections of subsets satisfying certain alge-
braic properties. Thus, there is general mathematical interest in developing modal
languages for reasoning about these specific classes of neighborhood models. The
most interesting mathematical structures that fall into this category are topologies.
In Sect. 1.4.1, I introduce topological models for modal logic and show how they
are related to neighborhood models. Another mathematical structure that is closely
related to neighborhood models is a hypergraph (Bretto, 2013). In Sect. 1.4.2, I briefly
discuss an application of hypergraphs in social choice theory. Nevertheless, general
mathematical interest is not the only reason to study neighborhood models. Some
natural interpretations of neighborhood models make them useful in formal episte-
mology and game theory. In the remainder of this chapter, [ explain how neighborhood
models can be used as a semantics for a logic of evidence and belief (Sect. 1.4.4),as a
semantics for conditionals (Sect. 1.4.3), or to reason about what players can achieve
in game situations (Sect. 1.4.5).
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1.4.1 Topological Models

Much of the original motivation for neighborhood structures as a semantics for modal
logic comes from elementary point-set topology. In this section, I discuss topological
semantics for modal logic. There is a very extensive literature on the topological
interpretation of modal logic. It is beyond the scope of this book to discuss all the
issues from this literature. Consult van Benthem and Bezhanisvilli (2007); Kremer
(2013); Bezhanishvili et al. (2015); Beklemishev and Gabelaia (2014); and Kudinov
and Shehtman (2014) for broader surveys and discussions of the main results.

The idea to interpret the basic modal language on topological models is usually
attributed to McKinsey and Tarksi (1944). I start by reviewing some concepts from
point-set topology. More information can be found in any point-set topology text
book (Dugundji 1966, is an excellent choice).

Definition 1.23 (Topological Space) A topological space is a subset space (W, T),
where W is a nonempty set and

1. WeTandW e T,
2. T is closed under finite intersections; and
3. 7T is closed under arbitrary unions.

Elements O € 7 are called opens. A set C such that W — C € 7 is said to be closed.

Exercise 1.11 Suppose that (W, 7) is a topological space. Prove that the collection
of closed sets, 7c = {C | W — C € T}, has the following properties: 1) W € 7¢
and ¥ € 7¢; 2) Tc is closed under finite unions; and 3) 7¢ is closed under arbitrary
intersections.

Suppose that (W, 7T') is a topological space and X C W is any set. The largest
open subset of X is called the interior of X, denoted /n¢(X). Formally,

Int(x)=|J{0 |0 eTand O C X).

The smallest closed set containing X is called the closure of X, denoted CI(X).
Formally,

Cl(X)=(|{C|W-CeTandX CC}.

It is easy to see that a set X is open if Int(X) = X and closed if CI(X) = X.

Lemma 1.4 Let (W, T) be a topological space and X, Y C W. Then,

1. Int(XNY)=1Int(X)NInt(Y).
2. Int(P) =0, Int(W) =W.

3. Int(X) C X.

4. Int(Int(X)) = Int(X).
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Exercise 1.12 Suppose that (W, 7) is a topological space. Show that forall X C W,
Int(X) = W — CI(W — X). Use this fact to derive properties analogous to those
from Lemma 1.4 for CI(-).

More formally, every topological space (W, 7) defines an interior operator /nf :
(W) — o (W) (where for all X € W, Int(X) is defined as above) satisfying the
properties from Lemma 1.4 and a closure operator C! : o (W) — g (W) (where for
all X € W, CI(X) is defined as above) satisfying the properties from Exercise 1.12.

Topological spaces can be used as a semantics for a propositional modal language
by interpreting the Boolean connectives in the usual way and interpreting the modal-
ities as operators associated with the topology. For instance, McKinsey and Tarski
interpret the box-modality as the interior operator for a topological space.

Definition 1.24 (Topological Model) A topological model is a tuple (W, 7, V),
where (W, 7T is a topology; and V : At — g (W) is a valuation function.

Suppose that M7 = (W, T, V) is a topological model. Formulas of £(At) are
interpreted at states w € W. The Boolean connectives and atomic propositions are
interpreted as usual. The definition of truth for the modal operator is:

M w = Oy iff there is an O € 7, such that w € O and forall v € O,
M v g

The usual logical notions of validity and satisfiability are defined in the standard way.
Recall the notation for the truth set of a formulag € L(Ab): [e]pr = {w | M7, w =
@}. It is an immediate consequence of the definitions that for any formula ¢ € L(At)
and topological model M7, [Opllaer = Int ([olar).

Example 1.25 (The Usual Topology) Suppose that MT = (R, Tg, V), where R is
the set of real numbers;

Tg = {X | for all x € X thereis an € > 0 such that (x — ¢, x +€) C X};

and V : At - g (R) is a valuation function with V(p) = (0,00) = {x | x €
R, x > 0}. The topological space (R, 7g) is called the usual topology on R. A set is
open in the usual topology if it can be written as the union of open intervals. Since
0 ¢ Int([plIar) = (0, 00), we have MT,0 p= Op. Furthermore, [—pllper =
(—00,0] ={x | x e Randx < 0}, and s0o 0 ¢ Int([—pllrr) = (—o0, 0). Thus,
MT,0 = O—=p. Therefore, MT,0 = Op v O-p.

There are other operators associated with topological spaces that can be used as a
semantics for a modal operator. One influential approach is to use the derived set
operator.'> Suppose that (W, T) is a topological space. A point w € W is called a
limit point of X C W provided that for each open set O € 7 such that w € O,

12This interpretation was originally suggested by McKinsey and Tarksi (1944). Consult Bezhan-
ishvili et al. (2010) and Shehtman (1990) for further elaborations of this idea.
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XN (O —{x}) # @. The derived set operator is a function Der : p (W) — p (W),
where for all X € W, Der(X) = {w | wis alimit point of X} (Der(X) is also
called the derivative of X). The derived set operator is often used as an alternative
characterization of closed sets.

Exercise 1.13 Suppose that (W, T') is a topological space. Prove that for any set
X CW,CIl(X) = XU Der(X).

The key idea is to interpret the diamond modality as the derived set operator. To
help keep the two different topological interpretations of the propositional modal
language straight, I will use different symbols for the modalities when the diamond
operator is interpreted as the derived set operator ({-) instead of ¢ and [ instead
of [J). Suppose that MT = (W, T, V) is a topological model with w € W. The
definition of truth for the two modalities is:

M7, w=0He iff thereisan O € 7 withw € O and forall v € O — {w},
MT v = o

MT,w = () iff forall O € T withw € O, thereisav € O — {w} such that
MT v =g

Example 1.26 (The Usual Topology, again) Suppose that MT = (R, T, V), where
R is the set of real numbers; (R, 7g) is the usual topology (see Example 1.25); and
V : At —» e (R) is a valuation function with V (p) = {% | n > 1}. Then, MT,0 =
(-)p. Thatis, 0 € Der([plper) = [{-)@llagr. We also have that M7, 0 k& (-)(-) p.
In fact, Der ([[{-) pIamr) = 9.

Topological Spaces and Relational Structures

There is a well-known connection between relational frames (Appendix A) and
certain topological spaces (see van Benthem and Bezhanisvilli 2007, for a complete
discussion). A topological space (W, 7') is called an Alexandroff space provided
that for any (not just finite) X € 7, (| X € 7. That is, an Alexandroff topology
has the additional property that arbitrary intersections of open sets are open. Now,
suppose that (W, R) is a reflexive and transitive relational frame—i.e., the relation
R € W x W isreflexive and transitive. Such a relational frame is called an S4-frame.
The first observation is that every S4-relational frame defines a topological space.
A set X C W is called an R-upset, denoted X% (or X when it is understood that
R is the relation), provided that w € X and w R v implies that v € X. The set of
R-upsets for a reflexive and transitive relation R forms an Alexandroff topology:

Exercise 1.14 Suppose that (W, R) is reflexive and transitive relational frame. Let
(W, Tg) be a subset space where 7z = {X | X is anR-upset}. Prove that (W, 7) is
an Alexandroff topology.

We can also construct an S4-relational frame from a topology. Suppose that (W, T)
is a topological space. The specialization order, R C W x W, is defined as follows
w Ry viff v € CI({w}). Thus, w Ry v provided that v is in every closed set that
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contains w. Itis not hard to see that (W, R7) is an S4-relational frame: It is immediate
that Rt is reflexive. To see that Ry is transitive, suppose that v € CI({w}) and
z € CI({v}). Let C be any closed set containing w. Then, since v € CI({w}), we
have v € C. Also, since v € C, C is closed and z € CI({v}), we have z € C. Thus,
z is in every closed set containing w—i.e., z € CI({w}). Thus, every topological
space (W, T) is associated with an S4-relational frame (W, R7). However, while
every topology can be associated with an S4-relational frame, there is a much tighter
connection when the topology is Alexandroff.

Exercise 1.15 Suppose that (W, 7') is a topological space. Prove that

e 7 C7Tg,;and
e 7 =Tg, iff T is Alexandroff.

Topological Spaces and Neighborhood Structures

Suppose that (W, 7T') is a topological space. For each w € W, the set of open sets
containing wis 7, = {O | O € T and w € O}. A neighborhood (in the topological
sense) of a point w € W is a set X such that there is some O € 7, such that O C X.
That is, X is a neighborhood of w if X contains an open set containing w. For
example, in the usual topology on R, the interval [0, 1] is a neighborhood of 1, but
it is not a neighborhood of either endpoint (i.e., there is no open set containing 0
contained in [0, 1], and similarly for 1).

Definition 1.27 (Neighborhood System) Suppose that (W, 7T) is a topology. A
neighborhood system for 7 is a function N7 : W — g (¢ (W)) such that

N7 (w) = {X | there is an O € 7,, such that OC X}

Exercise 1.16 Suppose that (W, 7T') is a topological space. Prove that forall w € W,
N7 (w) is a consistent filter, and that w € [ Nz (w).

Neighborhood systems satisfy an additional property that ties together the neigh-
borhoods of different states. Before stating the property, notice that that forallw € W,
7, € Nr(w). That is, any open set containing w is a neighborhood of w (such a
set is called an open neighborhood).'* If X is an open neighborhood of w (i.e.,
X € 7,), then X is a neighborhood of all of its elements. Thus, any neighborhood
system N satisfies the following property:

For all w € W, for all X € Ny (w), thereis a Y C X such that for all v € Y,
Y € Nr(v).

Using Definition 1.27, we have that every (W, 7') is associated with a neighbor-
hood frame (W, N7). It turns out that a class of neighborhood frames well-known
to modal logicians gives rise to topological spaces:

BTypically, N7 (w) ¢_ T, . That is, in most topologies, there are neighborhoods that are not open.
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Definition 1.28 (S4 Neighborhood Frame) A neighborhood frame (W, N) is an S4
neighborhood frame provided that N satisfies the following properties. For each
weW:

1. N(w) is a consistent filter;
2. we[)N(w);and
3. foreach X C W,if X € N(w),then{v | X € N(v)} € N(w).

Proposition 1.1 Suppose that (W, N) is an S4-neighborhood frame. Then, there is
a topology (W, Ty) such that for all w € W, N(w) = Nz, (w).

Proof Suppose that (W, N) is an S4-neighborhood frame. Let (W, 7y ) be a subset
space where

Ty ={X |forallw € W,if w € X, then X € N(w)}.

We first show that (W, 7y) is a topology. Trivially, ¥ € 7y. Furthermore, W € 7y
since, for all w € W, W € N (w) (this follows from the fact that each N(w) is a
consistent filter). Suppose that O, O, € Ty andletv € O; N O;. Then, v € O; and
v € 0,.Hence, O; € N(v) and O, € N (v). Since N (v) is a filter, O1 N O, € N (v);
and so, Oy N O, € 7y. Finally, suppose that {O;};c; € 7y for some index set .
Suppose that v € |J;.; O;. Then, v € O; for some i € I. Since O; € 7Ty, we have
that O; € N(v). Therefore, since O; € |J,.; O; and N (v) is a filter, |J,., € N(v).
Thus, |J,.; O; € Zy. This concludes the proof that (W, 7y) is a topology.

To conclude the proof, we show that for all w € W, N(w) = Nz, (w). Suppose
that w € W.If X € N, (w), then there is some set O € 7y such that w € O C X.
Since O € Ty and w € O, we have that O € N (w). Furthermore, since O C X and
N (w) is a filter, we have that X € N(w). Hence, N7, (w) € N(w). Now, suppose
that X € N(w). We must show that there is some O € 7y such that w € O C X.
Let O = {v | X € N(w)}. Since X € N(w), w € O. Furthermore, if v € O,
then X € N(v) and v € [ N(v) € X. Finally, by item 3 of Definition 1.28,
since X € N(w), O = {v| X € Nw)} € N(w). Thus, X € Nz, (w), and so,
N(w) € Nz, (w). Therefore, N(w) = N, (w), as desired. O

Exercise 1.17 Use Proposition 1.1 to prove that for each S4 neighborhood model
M, there is a topological model M7 such that for all ¢ € £, [olm = [@lar.

Since every topological model can be viewed as an S4 neighborhood model (i.e.,
a neighborhood model that satisfies the properties from Definition 1.28), we can
say that the class of topological models is modally equivalent to the class of S4-
neighborhood models (cf. Sect.2.1).

1.4.2 Hypergraphs

A directed graph is a pair (W, E) where W is a non-empty set, elements of which
are called nodes or vertices, and E C W x W, elements of which are called edges
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(cf. the definition of a relational frame in Appendix A). For an undirected graph, it is
often convenient to let E be a set of subsets of W of size two. In this case, {w, v} € E
means that there is an edge between w and v. A hypergraph generalizes an undirected
graph.'* Thus, a hypergraph is a subset space (W, £), where £ C p (W) and ¥ ¢ £.
The mathematical theory of finite hypergraphs is very well-developed (Bretto, 2013),
with applications in combinatorics and optimization problems. Hypergraphs are also
used in cooperative game theory and social choice theory, where they are called
simple games (Taylor and Zwicker, 1999). In this section, I briefly introduce simple
games, highlighting an issue that we will return to when discussing the core theory
in Chap. 2.

Suppose that [ is a finite set of voters. A simple game on / is a monotonic
subset space (I, W): I # 0, W C g (I) such that forall U,V C I,if U € W and
U C V,then V € W.Elements U € VW are called winning coalitions. The intended
interpretation is that the set U of voters is a winning coalition iff the group selects
an option (e.g., the bill or amendment passes, or the candidate is elected) when the
voters in U are the ones who voted for it. Given this interpretation, it is clear why it is
assumed that all supersets of a winning coalition are winning coalitions. For example,
suppose that I = {a, b, ¢, d, e}, and consider the following winning coalitions:

W=1{d, e} {a,b,c,e},{a,b,d},{b,c,d}, {a,c,d},{a,b,c,d}, {a,b,c,d,e}}.

In this example, {d, e} € VV means that, in any voting situation, the group will accept
any issue that both d and e agree on. The same is true for the other winning coalitions
in W.

An important class of simple games is one that is generated by a quota rule. A
simple game (/, W) is said to be weighted if there is a function weight : I — Rand
quotag € R, suchthatforallU C I,U € Wiff ZueU weight (u) > q.Forinstance,
the above simple game is generated by the weight function weight : {a, b, c,d, e} —
R where weight(a) = weight(b) = weight(c) = 1, weight(d) = 3 and
weight (e) = 2 with the quota ¢ = 5. As the reader is invited to verify, the sum of
the weights for all the voters in any winning coalition from W is at least 5.

There is a natural ordering on simple games. Suppose that voters a and b always
vote the same way and that voters d and e always vote the same way. In this case,
we say that voters {a, b} and {d, e} form voting blocs. It is natural to identify the
voters in a voting bloc and treat them as a single voter. Formally, there is an onto
function f : I — I’ where I’ = {d’, ¢, d’} with f(a) = f(b) = d’, f(c) = ¢, and
f(d) = f(e) =d', that is depicted as follows:

14There is also a way to define a directed hypergraph, although we will not discuss it in this short
section.
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a’ c d

The winning coalitions for the reduced set of voters I’ are read off from the original
simple game (assuming that the quota is still ¢ = 5). For example, {d'} is a winning
coalition since f~'[{d'}] = {d,e} € W. Continuing in this manner, the set of
winning coalitions for [’ is:

W' ={d}. {d',d'} {c.d'}. {d, c,d'}}

Note that the simple game (I’, W’) is a dictatorship since there is a single voter
d € I'suchthatforall U C I', U € W' iff d € U. This makes sense since d’
represents two voters (d and e) that always vote the same way and whose total weight
is 5. This construction is known as the Rudin—Keisler ordering, used in the study
of ultrafilters.

Definition 1.29 (Rudin—Keisler Ordering) Suppose that G = (I, W) is a simple
game. The simple game G’ = (I’, ') is a RK-projection of (I, ), denoted
G' <grk G, if there is a surjective function f : I — I’ such that for all X C I’,
X e Wiff f71[X] e W.IfG' <gk G, then G is an RK -projection of G.

The Rudin—Keisler ordering is important because it preserves many properties of
simple games. For instance, it is not hard to see that G’ = (I’, ') is a weighted
simple game (let weight (a’) = 2, weight(c) = 1 and weight (d") = 5 with g = 5).
More generally, itis not hard to see that if G is a weighted simple game and G’ <zx G,
then G’ is a weighted simple game. The R K -projection is our first example of a trans-
formation between subset spaces that is intended to preserve important properties.
Identifying properties that are preserved by transformations on neighborhood models
is an important theme that will be discussed in the next chapter.

Exercise 1.18 1. A simple game G = (I, W) is called proper if for all X C I,
if X € W, then X€ ¢ W. Prove that if G is proper and G’ = (I',W') <k G,
then G’ is also proper.

1.4.3 Conditional Logic

One of the earliest applications of neighborhood models is found in David Lewis’s
seminal book Counterfactuals (1973). In this book, Lewis developed a semantics of
conditionals using sets of spheres.
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Definition 1.30 (Sets of Spheres) A set of spheres is a subset space (W, S), where

o Sisnested:Forall S, T € S,either S CTorT C S.
o Sisclosedunderunions:If{S; |i € I} € Sforsomeindexset/,then|]J; ., Si € S.

e S is closed under intersections: If {S; | i € I} C S for some index set I, then
miel Si eS.

A system of spheres (W, S) is centered on w € W provided that {w} € S.

Definition 1.31 (Sphere Frames/Models) A sphere frame is a neighborhood frame
(W, N), where W # @ and for all w € W, (W, N(w)) is a set of spheres. We say
that (W, N) is centered provided that for all w € W, N(w) is centered on w.

A sphere model is a tuple (W, N, V) where (W, N) is a sphere frame and V :
At — g (W) is a valuation function.

The idea is that each set in N (w) contains all the states that are “similar” to w
to a certain degree. The smaller the sphere (in terms of the subset relation) the more
similar the worlds are to w. Lewis (1973, p. 14) explains the intended interpretation of
aset of spheres (W, N (w)) as follows (I adapt Lewis’s notation so that it is consistent
with this book):

Any particular sphere around a world w is to contain just the worlds that resemble w to at
least a certain degree. This degree is different for different spheres around w, The smaller
the sphere the more similar to w must a world be to fall within it.

The language of conditional logic is a propositional modal language with a binary
modality. Formally, the language £"? (At) is the smallest set of formulas generated
by the following grammar:

pl=el(@Any)| (0= ¥)

where p € At (the set of atomic propositions). The other Boolean connectives (V, —,
and <) are defined as usual. The dual of the conditional modality, denoted o O— ¥,
is defined as —(¢ [J— —). The intended interpretation of ¢ LJ—  is “if ¢, then
’lﬂ”_

Truth of formulas ¢ € £ is defined at states w from a sphere model M =
(W, N, V).I only give the definition of truth for the conditional modality:

M, w E ¢O— v iff either |J N(w) N [¢llag = G orthereisa S € N(w)
such that [@lag NS # @ and [pIpm NS C [Y .-

Validity and satisfiability are defined in the standard way. The conditional modality
@ O— v is true at a state w provided that either there is no state in any sphere from
N (w) satisfying ¢ or all the states satisfying ¢ that are most similar to w also satisfy .
Lewis argues that this definition conforms to our intuitions about inference patterns
involving conditionals.
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Example 1.32 (Failure of Monotonicity) The first example highlights a crucial dif-
ference between the conditional modality ¢ [1— 1 and the material conditional
@ — . It is not hard to see that the material conditional satisfies the following
monotonicity property: if ¢ — ¥ is valid, then so is (¢ A x) — . However,
consider the following example: For many people it is true that “if you put sugar in
your coffee, then it will taste good”. However, from this statement, one cannot infer
that “if you put sugar and gasoline in your coffee, then it will taste good”. This is
a case in which our intuitions about inferences involving conditionals diverge from
valid inference rules involving the material conditional. Lewis’s conditional modal-
ity does not satisfy this monotonicity property. To illustrate, let M = (W, N, V) be
a sphere model with W = {w, vy, va, v3, vy, vs, V6}; N(w) = {S1, Sz, S3, S4} with
S = {w}, S = {w, v}, 3 = {w, vy, v2} and Sy = {w, vy, v2, V3, V4, Vs, Vs};
and V(p) = {v2,vs, 05}, V(g) = {v1,v2,vs,v6} and V(r) = {vs, va}. Then,
M, w = pO— g since [pIlam N S5 = {v2} € [glm = {v1, v2, vs, v}; however,
M, w = (pAr) O— g since Sy is the only element of N (w) thatoverlaps [p A rlla,
but[p A rlmNSs = {v4} z [gQat. The set of spheres (W, N (w)) is depicted below
(the lined region is [ pla¢ N S5 and the grayed region is [p A ]l N Sy):

Exercise 1.19 Find a sphere model M = (W, N, V) with a state w € W such that
pUO— g istrue at w, (p Ary) — g is false at w, and (p A (r; A rp)) O— g is true
at w.

Example 1.33 (Failure of Transitivity) Another property of the material conditional
that is not satisfied by the conditional modality is transitivity: ((¢ — ¥) A (Y —
x)) = (¢ — yx) is valid. However, the following example from Stalnaker (1968)
illustrates that conditionals should not necessarily satisfy this transitivity property:
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1. If Hoover had been born a Russian, he would have been a communist.
2. If Hoover were a communist, he would have been a traitor.
3. If Hoover had been born a Russian, then he would have been a traitor.

Intuitively, the first two statements are true; yet, the third is false. To see that the
conditional modality does not satisfy this transitivity property, let M = (W, N, V)
be a sphere model with W = {w, vy, va, v3, v4, Us}; N(w) = {Si, $2, S3, S4} with
Sl = {w}, Sz = {w, U]}, S3 = {w, V1, U2} and S4 = {w, V1, U2, U3, U4, U5}; and
V(p) = {v2, v4}, V(q) = {v1, v2, v4} and V (r) = {w, v1}. Then, M, w = pO— ¢
since [pIlm N S3 = {2} € [lgllm = {v1, v2,v4} and M, w = g0O— r since
[glam NS = {vi} € [rIm = {w, v1}; however, M, w & pO— r since S3 and
Sy are the only sets that overlap [plia, but [plIlae NS5 € [gllae and [plIa N Ss €
[[g QI rt- The set of spheres (W, N (w)) is depicted below (the lined regionis [ pI a1 NS3
and the grayed region is [¢]a N S2):

Exercise 1.20 Prove that Modus Tollens is valid for the conditional modality: If
¢ O— ¢ and —1 are both valid, then —¢ is valid.

Prove that the rule of contraposition is not valid: Find a sphere model M =
(W, N, V) and a state w such that w = pU— ¢, yet w = —~g U— —p.

Exercise 1.21 Find a sphere model (W, N, V) with a state w € W such that
M, w = p— gand M, w = pO— —g.

Remark 1.34 (Lewis vs. Stalnaker) Exercise 1.21 shows that conditional excluded
middle:
(U= ¥) Vv (pU— —y)

is not valid on sphere models. This principle distinguishes Lewis’s semantics from
a closely related semantics for conditionals proposed by Stalnaker (Stalnaker, 1968;
Stalnaker and Thomason, 1970). The crucial observation is that conditional excluded
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middle is valid on sphere models with an additional constraint:

Stalnaker’s condition: Suppose that M = (W, N, V) is a sphere model. If
[ellme N U N(w) # @, then there is a S € N(w) such that S N [¢]l\ is a sin-
gleton.

Thus, according to Stalnaker, ¢ [1— 1 is true at a state w provide i is true at
the world v satisfying ¢ that is most similar to w. A complete comparison between
Lewis’s and Stalnaker’s semantics of conditionals is beyond the scope of this book
(see Lewis 1973, Sect.3.4).

The above examples and exercises highlight important differences between the
logic of the conditional modality and the logic of the material conditional. Consult
Lewis (1973) for a complete discussion of the main logical and philosophical issues
(cf. also Arl6-Costa 2007). I conclude this brief introduction to Lewis semantics
for conditionals with some remarks about modal languages interpreted on sphere
models.

The main observation is that there are other modal operators beyond the condi-
tional modality, ¢ [J— 1, that can be used to reason about sphere models. Two
natural examples are Lewis’s “inner” and “outer”modalities. The outer modality,
denoted [o]¢, describes what is true at any state in any sphere. More formally, the
definition of truth at a state w in a sphere model M = (W, N, V) is:

M. w [ [olpiff | Nw) € [¢lum.

Note that the definition of truth for [0]¢ is the same as the definition of truth of [ J¢
from Sect. 1.2.2. Furthermore, the outer modality is definable using the conditional
modality. To see this, note that the following formula is valid:

[olp <& —pU— L

I leave it to the reader to verify the validity of the above formula. Lewis calls the
above modality the “outer modality” since it describes what is true in the outermost
sphere (since the set of spheres are nested and closed under unions, | J N (w) must
be the largest'> sphere in N (w)). The “inner’” modality, denoted [i]¢, describes what
is true at all states in the smallest sphere (if one exists'®). The definition of truth for
[i]e is essentially the definition of truth for the ( ] modality (see Sect. 1.2.2):

M, w = [i]e iff there is some S € N(w) such that? = S C [¢]m.

This modal operator is also definable in terms of the conditional modality. To see
this, consider the following formula:

3That is, “largest” in terms of the subset relation.

16 Another natural constraint on sphere frames (W, N) is the limit assumption: for all w € W and
X C W,if X N |J N(w), then there is a smallest Y € N(w) such that X NY # @.
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[ilp <& TUO— ¢.

As the reader is invited to check, the above formula is valid on all sphere models
(W, N, V) in which for all w € W, N(w) # 0.

Lewis’s analysis of conditionals uses a second binary modality, denoted ¢ < 1,
with the intended interpretation that “g is at least as possible as 1’ or “it is no more
far-fetched that ¢ than that ¢ (Lewis 1973, Sect.2.5). Truth is defined as follows:

M,wE @ <Xy iffforall S € N(w), if SO[YIa # 9, then SN [pla # 9.

Itis not hard to see that that < is an ordering (i.e., a connected and transitive relation).
I will show that < is a connected relation and leave the proof that < is transitive as
an exercise. Let M = (W, N, V) be a sphere model with w € W, and suppose that

M, w = (¢ 2 ¥) V(¥ = @). Then,

1. thereisa S € N(w) such that S N [Y]ar # @ and S N [¢lla = @; and
2. thereisa §' € N(w) such that ' N [plpm # P and S' N [P = 9.

Since the set of spheres is nested, either S € §" or §' C S.If § € §, then by 1,
S"NIYIam # @, which contradicts 2. Similarly, if S" C S, then by 2, SN[l # 9,
which contradicts 1. Thus, M, w = (¢ < ¥)V (¥ <X ¢);andso (¢ < ¥)V (¥ < ¢)
is valid on all sphere models.

Exercise 1.22 Prove that (¢ < ¥) A (¥ < x) — (¢ =< x) is valid on all sphere
models.

As usual, a “strictly more possible” ordering, denoted ¢ < 1, can be defined as
(@ < ¥) A= < ¢)."7 Thus, the definition of truth for ¢ < 1 is:

M, w = ¢ < ¢ iff thereisan S € N(w) such that S N [9llag # 9@ and SN [Yrq = 9.

An important observation is that relative possibility modality < and the conditional
modality [1— are interdefinable. To see this, note that the following formulas are
valid on all sphere models:

(U= ¥) o (9 <L) = (9 AY) < (g A=)
(p <¥) < (o)le V) A (e Vi) U= V)

where (o) x is defined as —[o]—y (which, as shown above, is definable using the
conditional modality).

Exercise 1.23 Verify that the above two formulas are valid on all sphere models.

I conclude this section by noting that sphere models can also 